Abstract. Up to linear transformations, we give a classification of all permutation polynomials of degree 7 over Fq for any odd prime power q, with the help of the SageMath software.
Introduction
Let F q denote the finite field of order q = p r and characteristic p, with the multiplicative group F Therefore, to complete the list of PPs of degree 7, we only need to consider the non-exceptional PPs over F q with 8 q 409. In principle this can be exhausted by running a computer program. Section 4 will realize this by SageMath [11] , a free open-source mathematics software system based on Python and many open-source packages. We omit the cases of q = 2 r , which are covered the following lemma quoted from [7] .
Lemma 5. [7, Theorem 4.4] Let 3 r ∈ Z. A PP over F 2 r exists only if 3 ∤ r. When 3 ∤ r, every exceptional polynomial over F 2 r is linearly related to x 7 or x 7 +x 5 +x. Let f be a non-exceptional PP over F 2 r , then r = 4 and f is linearly related to one of the following: with a running over the set {a ∈ F 16 : a 4 + a + 1 = 0}.
Our main results in Section 4 can be stated as follows.
Theorem 6. If a non-exceptional PP f of degree 7 over F q exists for q > 7, then q ∈ {9, 11, 13, 17, 19, 23, 25, 27, 31, 49}.
Up to linear transformations, f is listed in Theorem 13, Proposition 14 and 16.
Assumptions by linear transformations
The following parts of this note aim to list all PPs of degree 7, up to linear transformations, over F q with an odd prime power q such that 7 < q 409. In this section, we will show that each PP of degree 7 is linearly related to some f (x) = x 7 + 5 i=1 a i x i with coefficients a i ∈ F q subject to certain assumptions in Proposition 10.
Proposition 7. Let q be a prime power coprime to 7. Then every polynomial of degree 7 in F q [x] is linearly related to some f ∈ F q [x] in normalized form, namely f (x) = x 7 + i are linearly related, with all a i , b i ∈ F 7 r , a k = 0, b k ′ = 0, and a k−1 = b k ′ −1 = 0. Let g(x) = sf (tx + u) + v with s, t ∈ F * 7 r and u, v ∈ F 7 r . Clearly, s = t −7 by the coeffcients of
by the coefficients of x k−1 , and thus u = 0. Always we have g(x) = t −7 f (tx).
Lemma 9.
[2, §65] Let p be a prime, and r, s be positive integers such that s | r. If f (x) is a PP of degree p s over F p r , then the coefficient of x p s −1 in f is 0. In particular, the coefficient of x 6 is 0 in a PP of degree 7 over F 7 r .
Consider the group homomorphism θ m : F * q → F * q defined by θ m (t) = t m , for t ∈ F * q and m ∈ Z. Let CK q (m) be a complete set of coset representatives of its cokernel F * q /θ m (F * q ), and let CI q (m) be a complete set of coset representatives of its coimage F * q /ker(θ m ). Proposition 10. Each PP of degree 7 over F q is linearly related to x 7 or to some f (x) =
a i x i with 1 k 5 and all a i ∈ F q satisfying the following requirements:
• 0 = a k ∈ CK q (7 − k) and a k−1 ∈ {0} ∪ CI q (7 − k);
• if k = 5 and a 4 = 0, then a 2 ∈ {0} ∪ CI q (2);
• if k = 4 and a 3 = 0, then a 2 ∈ {0} ∪ CI q (3);
• if k = 3, a 2 = 0 and q ≡ 1 (mod 4), then a 1 ∈ {0} ∪ CI q (2).
Let e be a generator of the multiplicative group F * q . For later use, we can take CK q (m) = {e j : 0 j < gcd(m, q − 1)},
Corollary 11. Let f be an exceptional polynomialof degree 7 over F q with 7 ∤ q, and let e be a generator of F * q . (1) If q ≡ 6 (mod 7), then f is linearly related to x 7 .
(2) If q ≡ ±1 (mod 7), then f is linearly related to exactly one of:
Equalities by Hermite's criterion
The following criterion for PPs, introduced by Hermite [6] for prime fields F p and generalized by Dickson [2] , provides equalities for coefficients of PPs over F q .
is a PP if and only if the following two conditions hold:
(2) for every integer k coprime to q with 1 k q − 2,
For integers k 1 , k 2 , . . . , k t and k, recall the multinomial coefficient defined as
Consider (j 1 , . . . , j 5 , j 7 ) ∈ N 6 with
, it suffices to list all solutions (j 1 , . . . , j 5 , j 7 ) ∈ N 6 of the these linear equations.
The following part of this section will deduce two explicit equalities, by Hermite's criterion, for coefficients a i ∈ F q of a normalized PP f (x) = x 7 + 5 i=1 a i x i over F q of characteristic p = 2, on a case by case basis for all odd prime powers q with 7 < q 409.
3.1. Case q ≡ 2 (mod 7). Namely, . For an integer t coprime to p, let t −1 denote a multiplicative inverse of t modulo p. Then
) for any q in this case, including q = 3 2 with k = 1.
As p / ∈ {2, 3, 5}, we have p ∤ (k + 2)(k + 1)k, and thus 
As p = 2, we have a 2 = 7 −1 · 3a 4 a 5 .
Note that deg(f k+2 ) = 7k + 14 = q + 11 < 2(q − 
As deg(f k+1 ) = 7k + 7 = q + 3 < 2(q − 1), by Hermite's criterion, [x q−1 : 
As deg(f k+1 ) = 7k + 7 = q + 2 < 2(q Note that deg(f k+2 ) = 7k+14 = q+9 < 2(q−1). By Hermite's criterion, [x q−1 : f (x) k+2 ] = 0. Consider (j 1 , j 2 , j 3 , j 5 , j 7 ) ∈ N 5 with j 1 + j 2 + j 3 + j 5 + j 7 = k + 2 and j 1 + 2j 2 + 3j 3 + 5j 5 + 7j 7 = q − 1 = 7k + 4. Then 6j 1 + 5j 2 + 4j 3 + 2j 5 = 10, and
If p = 3 (i.e. q = 3 5 in this case), then 686a 1 a 3 + 343a 
As deg(f k+1 ) = 7k + 7 = q + 1 < 2(q − 1), by Hermite's criterion, [x q−1 : 2, and (j 1 , . . . , j 5 ) = (0, 0, 0, 0, 1) .
−1 a 5 , and thus a 5 = 0.
. Then 6j 1 + 5j 2 + 4j 3 + 3j 4 = 9 and (j 1 , j 2 , j 3 , j 4 ) = (1, 0, 0, 1), (0, 1, 1, 0), or (0, 0, 0, 3) . So
Non-exceptional PPs of degree 7
Wan [12] proved that if the value set {f (c) :
⌋ distinct values, then f is a PP over F q . Therefore, we can define the following SageMath function isPP(q, a 5 , a 4 , a 3 , a 2 , a 1 ) to check whether
def isPP (q , a5 , a4 , a3 , a2 , a1 ): E = [] for x in list ( GF (q , 'e ' ))[0:1+ int (q -( q -1)/7)]: v = x^7+ a5 * x^5+ a4 * x^4+ a3 * x^3+ a2 * x^2+ a1 * x if v in E : return False else : E . append ( v ) return True 4.1. When p is not 2, 3, 7. By the assumptions from Section 2 and equalities in Section 3, we can write the following SageMath function PP7(q) to list all PPs of degree 7 over F q , up to linear transformations, for any finite field F q of characteristic p / ∈ {2, 3, 7} with 7 < q 409. if qmod7 ==2 and p !=5 and \ 0!=3430*( a1 * a2 * a5 + a1 * a3 * a4 )+1715*( a2 * a3^2+ a2^2* a4 )\ -2205*( a2 * a4^2* a5 + a1 * a4 * a5^2+ a2 * a3 * a5^2+ a3^2* a4 * a5 )\ -735* a3 * a4^3+1680* a3 * a4 * a5^3+840* a4^3* a5^2\ +420* a2 * a5^4 -276* a4 * a5^5: continue if qmod7 ==3 and p !=11 and 0!=4802* a1^2\ -4116*( a1 * a3 * a5 + a2 * a3 * a4 ) -2058*( a2^2* a5 + a1 * a4^2)\ -686* a3^3+2940*( a3 * a4^2* a5 + a2 * a4 * a5^2)+1470* a3^2* a5^2\ +980* a1 * a5^3+245* a4^4 -1190* a4^2* a5^3 -595* a3 * a5^4\ +68* a5^6: continue if qmod7 ==4 and p !=5 and 0!=1029* a1 * a2 \ -588*( a1 * a4 * a5 + a2 * a3 * a5 ) -294*( a2 * a4^2+ a3^2* a4 )\ +154*( a2 * a5^3+ a4^3* a5 )+462* a3 * a4 * a5^2 -99* a4 * a5^4: continue if qmod7 ==5 and p !=3 and 0!=686* a1 * a3 +343* a2^2\ -245*( a1 * a5^2+ a3^2* a5 )+140* a3 * a5^3 -19* a5^5: continue if qmod7 ==6 and 0!=7* a1 * a4 +7* a2 * a3 -a4^3: continue if isPP (q , a5 , a4 , a3 , a2 , a1 ): print ( a5 , a4 , a3 , a2 , a1 )
We have run PP7(q) in SageMath for all prime powers q such that 7 < q 409 and gcd(q, 42) = 1. Comparing its outputs with the exceptional polynomials given by Corollary 11, together with Lemma 2, we get the following theorem. where e is a root of x 2 + 4x + 2 in F 5 2 , namely, e 2 = e + 3 ∈ F 5 2 .
4.2.
When p = 3. Suppose 7 < q = 3 r 409, i.e. r ∈ {2, 3, 4, 5} and q ∈ {9, 27, 81, 243}. Recall the equalities obtained in Section 3 by Hermite's criterion for coefficients a i ∈ F q of a PP Therefore, we can modify the SageMath codes of PP7 into PP7p3 to list all PPs of degree 7 over F q up to linear transformations for q ∈ {3 2 , 3 3 , 3 4 , 3 5 }.
def PP7p3 ( q ): F = GF (q , 'e ' ); e = F . m u l t i p l i c a t i v e _ g e n e r a t o r (); qmod4 = q %4 print ( " The minimal polynomial of e is " + str ( F . modulus ( if q ==3^3 and 0!=7* a1 * a4 +7* a2 * a3 -a4^3: continue if q ==3^4 and (0!= a2 * a5^3+ a4^3* a5 or 0!=\ a5^9+ a3^3* a4^2 -a2 * a3 * a4^3 -a1 * a4^4 -a3^4* a5 + a1^2* a5^3\ -a1 * a3^3 -a2^3* a4 + a1^3): continue if q ==3^5 and 0!= a5 *( a1 + a3 * a5 ): continue if isPP (q , a5 , a4 , a3 , a2 , a1 ): print ( a5 , a4 , a3 , a2 , a1 )
